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The formation of shock waves in transonic flows is a problem which is far from being
resolved. Conventional gas dynamics contains numerous examples of the construction of
transonic flows free of discontinuities and flows in which discontinuities occur in the
transition through the speed of sound (see [l], for example). Experiments have confirmed
the existence of both continuous [2] transonic flows and transonic flows containing
discontinuities [3]. The exceptional nature of nonshock flow in a local supersonic region
was shown in [4], which suggested to one author that continuous stagnation of a transonic
flow is not possible [5]. In the opinion Kuo and Sirs [6], such a flow is either unstable
or contains shock waves or both. One possible approach to solving this problem is the study
of transonic flows for their stability in relation to steady and nonsteady disturbances
that might develop in the flow due to irregularities on the walls bounding the flow or the
arrival of weak nonsteady waves at the sonic line. Such an investigation is complex in the
general case, with approximate methods usually being used to obtain a solution.

The stability of a transonic flow relative to small nonsteady disturbances in a small
neighborhood of the sonic line was examined in [7, 8] on the basis of a quasi-unidimen-
sional approximation. An attempt to perform an analysis in general form was made in [9],
where results agreeing with the data in [7] were obtained after certain simplifying assump-
tions were made. Kuz’min [10] analyzed the stability of a transonic flow on the basis of
linearization of the Linn-Reissner-Tsien equation. It was found that transonic flow is
stable in relation to a small change in the shape of the walls of the nozzle and the
conditions at the inlet if the acceleration of the specified flow is everywhere positive.

The examples of steady continuous transonic flows that have been constructed exist
only near certain types of solid boundaries, thus giving rise to the view that such flows
are the exception. A study of the behavior of steady perturbations of such flows due to
irregularities in the walls bounding the flow will make it possible to study the develop-
ment of the features of the flow.

Aspects of the formation of shock waves and the conditions for nonshock flow in
transonic flows were examined in [11]. It was shown that shock waves form if the slope of
the walls of the channel near the mouth of the nozzle is too gentle. Discontinuities may
form at a point on the sonic line or downstream, in the supersonic region. Numerical
calculations of plane transonic flow with a local supersonic zone have shown that a shock
wave is formed inside the region of supersonic flow [12].

Below, we examine the behavior of steady and nonsteady perturbations of steady
transonic flows of a vibrationally relaxing gas.

Use of the methods in [8] makes it possible to reduce the problem of determining the
stability of a transonic flow against small nonsteady distortions to the study of a certain
nonlinear partial differential equation. Analysis of the solutions of this equation for
specific states of the medium shows that flow with a transition from the supersonic regime
to the subsonic regime is stable relative to small distortions if the gas is in the
equilibrium state or if it is nonequilibrium with unexcited vibrational degrees of freedom.
In this case, transonic flow will also be stable in the course of the tramsition from the
subsonic to the supersonic regime.

In our study of the behavior of steady distortions, we examined the supersonic region
of transonic flow. We derive the equations of the transonic approximation as in traditional

Moscow. Translated from Prikladnaya Mekhanika i Tekhnicheskaya Fizika, No. 2, pp. 48-
58, March-April, 1992. Original article submitted December 10, 1991.

196 0021-8944/93/3402-0196$12.50 © 1993 Plenum Publishing Corporation



gas dynamics. We do not suppose that the parameters in the perturbation region are
necessarily small relative to the deviations of their values from the values at the speed
of sound (transonic approximation). We employed the shortwave approximation [13] to analyze
the behavior of the perturbations. It was found that the latter decay in an accelerating
flow and grow in decelerating flow. The relaxation process connected with the excitation of
vibrational degrees of freedom of the molecules leads to additional decay of the perturba-
tions. '

Thus, a continuously stagnating transonic flow may exist in a stream of vibrationally
relaxing gas. As a result, continuous transonic flow may also occur about a body in the
stream. Such flow may be accompanied by the formation of local supersonic zones.

1. The system of equations describing plane or axisymmetric steady flow of a gas with
allowance for vibrational relaxation has the form

vpv

(pu)x + (ov)y + 5 = 0, o (uux + viy) + px = 0, p (wve + v0p) + py= 0,
ups 4 vpy — @ (upx + vpy) = — 0 (v — 1) (ene -+ veny),
! — * )_ F

Ulpx 1 Vepy = w(ek —~ep) =1,
where p is density; p is pressure; u and v are the components of velocity along the x and y
axes, respectively; e, and e," is the energy associated with the vibrational degrees of
freedom of the molecules of the gas and its equilibrium value; a is the stagnated speed of
sound; w is the inverse relaxation time; vy is the adiabatic exponent; v = 0 and 1 for plane
and axisymmetric flows; and the subscripts x and y denote differentiation with respect to

the corresponding coordinate.
We take the following relations [14] for e, and w

© = kpexp(—k,T7%), er = ROy/(exp (By/T) — 1).

Here, R is the gas constant; T is the translational temperature; ¢, is the characteristic
vibrational temperature; and k; and k, are vibrational constants dependent on the properties
of the gas [14].

The linear theory of steady-state flow of a vibrationally relaxing gas [15] gives

- — — wpo (L sa2
u=1uy(l— D), v= ued@sy, P = 1Py ( v (37\/10(13,“), (1.2)
2z 1 2
p = 0o (1 + 6Dy + 6Dyy), €, = al (eh0+ g (8 (1 — M) D + 6%)),

‘ X
where Mg =f; Q= — VY ME—1(f"+ Af'); Dy = (M5 — 1) (" + 247 + A¥); f* -—_(Yx — Al YaexpA(n—2)
0

dq)/‘vfhﬁ-—~1; §«1; M is the Mach number; A is (1.2) a parameter characterizing the relaxa-

tion process; and Y is a function determining the initial profile of the perturbation. It
is evident that at MO2 -1, 9, = «, ¢&y -0 @xy is finite. Thus, the flow parameters u, p,
and p increase to infinity and e, and v approach constants. We will examine a transonic
flow which is close to a constant equilibrium flow with sonic velocity along the x axis (a
zero subscript will be used to denote the parameters of this flow). The sbove-cbtained
asymptotes (l.2) substantiate the use of the following flow-parameter expansion in the
study of transonic flow:

1
w=ao(1+ ), v="—arv, p= vpo(?+ Tm), o= 0o (14 1), ea = afeno + 1), (1.3)

Here, we change over to new coordinates: & =z/L, y=y¥1/L. (L is the characteristic length).
We also introduce the quantities

- - *®
o = oL/u,, e, = ey/a’.

Using (1.3), we obtain

u? — a* = agv (2u, — yp; + py), VM —1= WVZu, ~—¥Py + Py.
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We reduce the equations of system (1.1) to their characteristic form [13]. Making use
of the notation below

4 _ 0 wtdV M1 0 4 9 4 g
dt oz &L &y E{"‘h’f‘Tﬁ’
we have
v-diu_udiv;lfmz_i di”: y—10OF alwv %
dz dz P dx u?—a? y(u®—a%)
X(iuVM2——1+v),
2 2 2 2 d (1.4)
diy_uviaVM—i ﬁu+v)+ oP =0
dr &2 » P 2 dr = !
4P 40 p—0F bt _F ¥ v
dz dz u ' dz u’® dz u

The first equation of system (l.4) is written along the acoustic characteristic. The
equation of this characteristic is reduced to the equation of the second characteristic
(the characteristic pertains to the first family when the top sign is chosen and to the
second family when the bottom sign is chosen). The following three equations are written
along the streamline. The equation of the streamline is the last equation in system (1.4).

Retaining the principal (in terms of 7) terms, after we insert expansion (1.3) into
system (l1.4) we obtain the equations of the transonic approximation (the terms that remain
have the order 73/2 in the first equation and the order r in the second equation; it is
assumed that @, has the order r; the bars above x and y are omitted):

vy ey Py 1 By - nyY
o V 2uy— v+ 1 ar V2. — v, ¥ 0, (v )= ém v |
a Vo 1 dytty | QePy _ dop1__’lopx__: M—O (1.5)
H T ——————mer————— } b ? -
L dx Vzul —¥p, - 0, dr dz dz dx dx
E* _ -%2 . Bh
kl_‘VﬁoekPT:(Ypl—‘Pﬂ)y We omit the equations of system (1.4) which determines e, and

would give principal terms of the order r?. The first two equations of system (1.5) have
meaning only when 2u; - yp; + p; > 0! (the region of supersonic flow).
Let there be a steady-state distortion in the flow due to irregularities on the walls

bounding the flow. The parameters of the determined flow can be represented by the sums

uy+ uw, vt o, gt pn, o0

where the first terms correspond to the known transonic flow and the second terms corre-
spond to the steady-state distortion.

The parameters of the undisturbed flow can be determined in the form of a series in
the space coordinates x and y. Having connected the origin of the coordinate system with
the sonic line and examining flow in a small neighborhood of this line, we can restrict
ourselves to allowance for the leading terms of the series. It is convenient to represent
system (1.5) in the following form. Choosing the top sign in the first equation of the
system, we obtain

du1 —_ - dp 1 ® - v v]
— 1 _ Vo — it S — S AN pe S
e 4 Uy — YP1 T P17 Ve, —vp,to, [(Y ) e+ v

(1.6)

Adding (1.6) and the first equation of system (1.5) after choosing the bottom sign in the
latter, we have

viz + py=0. (1.7)
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then differentiate Eq. (1.6) with respect to x and use Egs. (1.5) and (1.7) to obtain a
nonlinear partial differential equation in u;:

((y + 1) uglta)s — Ugyy — “Z‘ Uy + Euge =0
g2 ¢] (1.8)
(E =27 (0 — 1)* Gei exp T—"—)
0

In conventional gas dynamics {(in the absence of relaxation @, » 0) (1.8) we obtain
the equation of the Karman-Guderlei approximation [16]:

“(Y’%‘i)@g@gx"%'(bgy‘*‘—;‘@g:() (1.9)

(@xo = u;). Equations (1.8) and (1.9) are of the mixed type: hyperbolic at (y + Du, >0, (v +
1) @XO > 0 and elliptic at (y + 1)u; < 0, (y + 1) @xo < 0. Two types of steady transonic
flows named after their discoverer - Maier [16] and Taylor [17] - were constructed for
(1.9). The parameters of the flows are represented in the form a of series in the space
coordinates x and y (see Figs. 1 and 2 for the introduction of the coordinates). We
construct similar solutions for Eq. (1.8).

For a flow of the Maier type, we assign a change in the longitudinal velocity @ which
is linear with respect to x (Maier hypothesis). In addition, for physical reasons we assume
that the flow is symmetric relative to the x axis (the expansion contains the terms v2,
y*...). Instead of the components of velocity uy, v;, it is convenient to introduce the flow
potential & such that u, = &, v; = ®,. The coefficients of the potential expansion in x and
y can be obtained by substitution of the expansion into Eq. (1.9):

% oo alEdalptl) o, alE+ay+1 (1.10)
O = 5 2% - PICEEY WrgerneTy ¥
Flow with such a potential is an accelerating transonic flow at a > 0.

We can use the potential to determine the streamlines and, thus, the boundaries of
the flow. We find from the boundary conditions that

S 2 2DV
=) O

where y, is the ordinate of the minimum cross section of the nozzle: and R, is the curvature
of the nozzle in the minimum section.
The sonic line is determined by the equality

w0, (1.11)

Using (1.11) and (1.10), we can obtain the equation of the sonic line

e (g [ AN
TETIeTD (E | 1/E +T)’J2-

The difference from conventional gas dynamics lies in the absence of the parameter E > 0,
The sonic line in a relaxing gas is located farther downstream (except for the point x =
y = 0 and is, therefore, more curved.
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Taylor flow is also characterized by symmetry relative to the x axis. Insertion of an
expansion of general form into Eq. (1.9) yields

(Di=—"r]$———-—E—112 Ex‘% v+ 10 xy

SaEn Y T3r oo

(p=2FmR >0, n=1- >0, n<<1).

The sonic line is determined from Eq. (1.11) and has the form

In conventional gas dynamics (w, - 0, E - 0), the sonic line bounds two regions of superson-
ic flow around the walls of the nozzle. These regions are symmetric relative to the y axis
(the flow field is also symmetric relative to the x axis). Relaxation disturbs the symmetry
which exists relative to the y axis and displaces the supersonic region upstream.

For the quantities with the subscripts 11, corresponding to the perturbed state, we
find from system (1.5) that

v 9 d v,V
-——d%;-igv-‘\’ d—‘[(“u‘f'ul) o :1’[2] :i[l_;'_EuH]’ (1.12)
aiy
_Ei_ = - —1______ y W11 = — Py, Pu1=Pu.
2 VOFD(e,+uy)

The system which has been obtained shows that the given disturbance can be represent-
ed as a set of waves (acoustic, entropic-vortical, relaxation) propagating along the
characteristics of the corresponding families, If the characteristic length of a flow-
disturbing irregularity on the wall L is sufficiently small, then the perturbation waves
created by it will be short (from the leading to the trailing edges) and we will be able to
ignore the mutual effect of perturbations propagating along the characteristics of
different families. lLet us examine an acoustic wave of the first family, determined by the
first equation of system (1.12), with the selection of the top sign in this equations:

v,V
11 + =5 VY + 1 [(uu + ul)slz u:;/z]__: —1';' — Euy,.
The remaining perturbations will be considered zero perturbations:

+ V + 1 [(uu + u1)3/2 3/2] =0.

This assumption is valid for Maier flows if the disturbances are due to only to small
irregularities in the solid boundaries (walls) in the supersonic region of the flow. After
having developed, such perturbations are carried downstream along the characteristics. The
flow upstream of the perturbations can be considered undisturbed.

The same pattern is seen for Taylor flows if the perturbations generated by irregu-
larities of the wall inside the supersonic flow region die out within this region. I1f they
do not, they reach the sonic line and enter the subsonic region. This disturbs the entire
system, including the upstream flow. In this case, distortions which reach the wall also
appear in the supersonic region. After reflection from the solid boundary, these distor-
tions also contribute to the perturbations propagating away from the wall. Tn additionm,
perturbations arriving from the sonic line may themselves engender shock waves in the flow.

However, this problem is outside the scope of the present study.
The system of equations obtained above can be reduced to a single first-order
differential equation which is nonhomogeneous, nonlinear, and, in the general case,

nonintegrable:
%VV +1 Zd_z}' [(uy + u)?— ] = 2v V +15 [(uu +up)” —ui*] —
— E"n + C,
C=— “{”11 O+ 3 V\’ +1 [(uu 0) + 4, (0))3/2 U, (0)3/2]}.

We rewrite this equation as follows:
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v d — —
du -—gg-"/v—l—id—y[(uu—f—ul)liﬂ_u§/2] —~LBuy +C _ du, Vu,l—{—un——— Vul. (1.13)

u_

W= VERT D (6 i VT

For normal gas dynamics (w -+ 0, E - 0) in the case of plane flow (v = 0), Eq. (1.13)
has the form

duy _ _duy Ve =V
ay dy V'u1+u11 7

It is evident from this that the perturbations die out if the undisturbed flow accelerates
(du,/dy > 0). Otherwise (if the flow is slowed (du,;/dy < 0) the perturbations grow.
Relaxation occurring in the gas, permitting the excitation of vibrational degrees of
freedom, leads the appearance of the term -Eu;; in Eq. (1.13) and thus results in additional
decay of the perturbations. In the case of axisymmetric flow (v = 1), divergence of the
waves also weakens the distortions.

The characteristics represented by nonlinear equation (1.12) may intersect, with a
shock wave being formed at the point of intersection. This point (the beginning of the
shock wave) can be found from the equation dy\dy, = 0. Let the solution of Eq. (1.13) have
the form uy; = u;(y, y,). Finding the derivative 8y/dy, from (1.12), we represent the
condition of intersection of the characteristics as

dy 1 ﬁun 1
=1 .___‘Y——— e Yy = (),
= AT Ry 0

It follows from this that the characteristics can intersect only when duy, /3y, > 0, i.e.,
shock waves are obtained only from distortions containing sections on which the velocity
increases in the reaction across the flow (compressive distortions).

2. Let us examine a system of equations of nonsteady quasi-unidimensional gas flow
permitting excitation of vibrational degrees of freedom:

1 s
Ui ulls + = px =0, pi+ ups -+ pafuz = —p(y — 1)F—puaz—§-g;, (2.1)
T(s:+use)=—F, ep-+ uepe=F, F:m(eZ—ek).

Here, u is gas velocity; s is the entropy associated with the translational degrees of
freedom of the gas molecules; S is the area of the cross section of the stream tube; and
the subscripts x and t denote differentiation with respect to the corresponding coordinate.

The steady transonic flow whose stability we will study is described by a system of
equations which follows from system (2.1) when we ignore the time dependence of the flow
parameters in the latter:

= = —— =y - 7 === 1dS  m =
putty + px =0, upx+pau;=—~p(~;—1)F—pua~§E, Tusy = —F,
‘L—lékxzﬁv
From here, we easily obtain
due 1 [tpg—tp , - 14s
E"ﬁzni[_?rr+uS_?f' (2.2)

Let the velocity of the steady-state flow reach the speed of sound [G = & (and N =
1)} at the point x = 0 of the x axis. The existence of a continuous nonsteady flow with
crossing of the sound barrier requires satisfaction of a condition which follows from
(2.2):

=Dz _ _

1
2 5

as 3
= (2.3)

X=0
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It follows from (2.2) that the release of energy as a result of vibrational excita-
tion of molecules of the gas (F < 0) accelerates the subsonic flow (M? < 1) and slows the
supersonic flow (M2 > 1). In a nonequilibrium gas with unexcited vibrational degrees of
freedom (F > 0), the subsonic flow is slowed due to the transfer of energy into internal
degrees of freedom. The supersonic flow is accelerated in this case.

A change in the cross section of the stream tube (contraction or expansion) is
analogous to the static effect of vibrational relaxation in the sense that contraction of
the tube (for example) results in the same acceleration of the flow as relaxation of the
vibrational degrees of freedom of the gas.

In a gas with frozen vibrational degrees of freedom, the sound barrier can be crossed
only when dS/dx = 0 (minimum stream-tube cross section).

In accordance with (2.3), in a vibrationally excited gas (F < 0) we should have dS/dx >
0 at ¥ = 1, and the crossing of the sound barrier takes place in the expanding part of the
stream tube. In a nonequilibrium gas with unexcited vibrational degrees of freedom (F > 0),
it follows from (2.3) (with M = 1) that we must have dS/dx < 0 - the crossing of the sound
barrier occurs in the contracting part of the stream tube.

Another necessary condition for the existence of continuous transonic flow is
stability flow in regard to small perturbations [8].

We will examine a small neighborhood of the point corresponding to the tramsition
through the speed of sound x = 0 [-§, §] (it is assumed that § « 1). We introduce a new
space variable x’ = x/§ and expand the flow parameters into series in the small quantity §
in the neighborhood of the point x = O:

Cu=ap+du(a’, £)F %ua(e, ) F. .,
p=rpo+8pi(z’, t)+ &pafz’, t)+..., p=potpi(z’, )+ &%z, t)F.. (2.4)
s=so+ 8s1(z’, 1)+ 82s2(2’, t)+..., &n=en+ Sen(z’, 1)+ 8en(z’, )+...,

Here, the zero subscript denotes values of the parameters of the gas flow at the point x =
0. The subsequent terms correspond to deviations from the values at this point due to a
steady change in the main flow and weak nonsteady distortions in this flow,

Inserting expansions (2.4) into system (2.1), in the zeroth approximation with
respect to § we have

Pololyx’ + Pr1xr = 0, oP1x + YPolh1xr = 0,
aoslxl = 0, aoemx; = 0,
from which
aop1 -+ Ypous = 0, sy =0, e,y =0. ’ (2.5

In the first approximation for §, it follows from (2.1) that

Dit + Uy Prar + agPexr + ¥ (Pl + Doltaxr) = (Y — 1)[(91‘90 + Po")l)(e;m -

a,p, -+ u.p,
- eko) + Pty (e;l - eh1)] “['%ﬁﬂpo(\""nmo (e!:o — eho) +
d2 InS ’
+poao( = )Dx] (2.6)

o (uye + tgtigxr + Qoltox’) + P18tz + Poxr = 0,
1 /1 * . »
Syt -+ UySixt T BoSoxr = T (T_ 107 (eho - eho) Ty — o, (eko - eho) + Cl’o(ekx‘ekl))y
o \o . . )
€nat + Uienix’ + Ahox’ = Oy (ero — ero) + oo ek — €n).
System (2.6) is degenerate relative to the unknowns p,, u,, S,;, and &, and has a solution
only in the case of satisfaction of the compatibility condition for the system of equations

y—1 [(Pl“)o + Poy) (e;o — eko) + Powo(el:1 — ekl)] -

- l:—"‘""aopla_i “Fe 9o (y — 1) wo (E:o — eko) + Pyt (d“deI;S) xl] 4 Pyt — Uy Prxr — VPt + P (Urt + wglyxr) + P18z = 0.
00 \ [}
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TABLE 1

Gas fp K T, K l o, sec™t a, sec™t B, sec™? x, m
N, 3395 100 l 31,98 —0,0086 108 0,5
N, 3395 1 300 t 31,98 l —0,0033 105 05
N, 3393 1000 [ 31,98 ‘ 15.02 105 0,506
N, 3395 2000 ] 31,98 { 97,41 ] 108 l 0,5349
co 3080 | 300 ] 799 | 173 | 93840 | 0.5
co 3080 l 500 | 7199 | 159,4 [ 92 550 [ 0,5589
0, 2239 ] 300 [ 21.105 1 —4597 l 87970 t 0,5

2
With allowance for (2.5), the compatibility condition reduces to the equation for c=:7{:11u§

¢r =+ cepr = ae - Pa’. (2.7)

Here

. 2 ; ]
vy 1)2 2 * y 2 | ¥ Ve |,
= — — g\ Erg — €, —_— = T Veie CXP i |
RERT 03 0 0( ko h()) v {7 3T6/3 VCko pTO

5H_(2v+1)a§ i(di)E__(daS)
(4028, [ Sy \de ly L) |

Equation (2.7) can be rewritten in the form of an independent system of ordinary differen-
tial equations:

2 ety o,
dit ; dt (2.8)
The solutions of system (2.8) in the neighborhood of the singular point ¢ = x° = 0 were

studied qualitatively in [8]. It follows from the results that it is possible to classify

flows of a vibrationally relaxing gas as follows when the sound barrier is crossed: stable
transonic flow at a < 0; unstable transonic flow at a > 0, except for the case 8 > 0,

du,/dx” > 0. It should be noted that a > 0 with sufficiently strong excitation of the
vibrational degrees of freedom.

.
Y(‘,AO xp Tn

2 2y k-)
— ) T
foly—17T 3773

;

3
€ro — Cro >

(2.9)

Let us examine specific conditions for flows of a vibrationally relaxing gas. If we
study a flow of an equilibrium gas, we find that e," = e.,. In the minimum cross section of
the stream tube (dS/dx), = 0 and (d?S/dx?), > 0, so that a < 0 and B8 > 0. In this case,

flows crossing the sound barier from either region (from subsonic to supersonic or from
supersonic to subsonic) are stable.

Sufficiently strong excitation of the vibrational degrees of freedom (see (2.9))
causes a to be positive. Here, ey " < ¢ and (dS/dx), > 0. If in this case 8 < 0, (i.e.,)
(d?S/dx?), < (dS/dx),2/S, then the transonic flow becomes unstable (this includes flows

undergoing a transition of the subsonic-supersonic type). Thus, a flow changing from the
subsonic to the supersonic regime is unstable in a vibrational excited gas flowing through
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a channel with a cross section that decreases at a constant or increasing rate. If g8 > 0
(when the stream tube expands very rapidly), then transonic flow with a subsonic-supersonic
transition is stable and flow with a supersonic-subsonic transition is unstable.

If the gas is nonequilibrium in the sense that e U* > e, , then a < 0. However, in
this case (dS/dx), < 0, and the cases f < 0 (constant or increasing contraction of the
stream tubes) and B > 0 (decreasing contraction of the stream tubes) are possible. All
possible transonic flows are stable in both the first and second cases.

Let us calculate the coefficients a and § for specific gases on the basis of the data
in [14]. Let the cross-sectional area of the stream tube be determined from the formula

S=1-z(1-%),0<z<1.
The following values are taken for pressure and temperature: p = 101,320 Pa, T = 300 K. In
accordance with the given state parameters of the gas, we determine the critical point and
calculate a and B at this point. The results of the calculations, presented in Table 1,
show that vibrational excitation of molecules of nitrogen and carbon monoxide changes
stable transonic flows of these gases into unstable flows. Transonic flows of molecular
oxygen are stable, since vibrational excitation of the molecules of this gas rapidly
relaxes to equilibrium.

The results obtained here can be used in problems involving the transonic flow of a
gas through a nozzle and problems concerning flow about a body in the case when a local
supersonic region is formed.

We thank A. G. Kulikovsii for discussing the results of the study with us.
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